ON THE AUSLANDER-REITEN QUIVER OF THE 
REPRESENTATIONS OF AN INFINITE QUIVER 



CHARLES PAQUETTE 

Abstract. Let Q be a strongly locally finite quiver and denote by rep(Q) the 
| category of locally finite dimensional representations of Q over some fixed field 

k. The main purpose of this paper is to get a better understanding of rep(Q) 
, by means of its Auslander-Reiten quiver. To achieve this goal, we define a 

category rep(Q) which is a full, abelian and Horn-finite subcategory of rcp(Q) 
containing all the almost split sequences of rep(Q). We give a complete de- 
scription of the Auslander-Reiten quiver of rep(Q) by describing its connected 
components. Finally, we prove that these connected components are also con- 
nected components of the Auslander-Reiten quiver of rep(Q). We end the 
paper by giving a conjecture describing the Auslander-Reiten components of 
rep(Q) that cannot be obtained as Auslander-Reiten components of rep(Q). 



Introduction 

It follows from a result of Gabriel that any basic and finite dimensional algebra 
over an algebraically closed field k is given by a quiver with relations, that is, 
it is a quotient of a path algebra kQ by an admissible ideal / of kQ 7 where Q 
is a finite quiver; see, for example, [2j Section 3, Theorem 1.9]. Therefore, the 
algebras of the form kQ where Q is a quiver and k is any field are of particular 
interest. If Q is finite and contains no oriented cycle, kQ is a finite dimensional 
hereditary algebra and the Auslander-Reiten theory of kQ is well established; see 
[H [12] . In [6] , the Auslander-Reiten theory of kQ where Q is infinite but strongly 
locally finite is studied. Indeed, the category rep + (Q) consisting of the finitely 
presented representations is studied by means of its Auslander-Reiten theory. A 
complete description of the Auslander-Reiten quiver of rep + (Q) is given. There is 
a unique preprojective component, some preinjective components and four types 
of regular components. Dually, the category rep~(Q) of the finitely co-presented 
representations has a well-understood Auslander-Reiten theory and its Auslander- 
Reiten quiver is completely described. In |10| . it is shown that an almost split 
sequence in rep(Q) necessarily starts with a finitely co-presented representation and 
ends with a finitely presented one. Therefore, it seems that the categories rep + (Q) 
and rep _ (Q) somehow control the Auslander-Reiten theory of the whole category 
rep(Q). The main goal of this paper is to show that this is indeed the case. One 
can construct a full subcategory fep(Q) of rep(Q) which is abelian and Horn-finite 
and contains the Auslander-Reiten theory of rep(Q) (and hence the Auslander- 
Reiten theory of both rep + (Q) and rep~(Q)). We give a complete description of 
the Auslander-Reiten quiver of rep (Q) and show how the knowledge of this helps 
one to get a partial description of the irreducible morphisms in the whole category 
rep(Q). In particular, we provide all the Auslander-Reiten components of rep(Q) 
for which the translation acts non-trivially. 
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In the first section, we provide some background on representations of quivers 
and recall some key facts concerning the categories rep + (Q), rep~(Q) and rep(Q) 
and the existence of almost split sequences in rep(Q). In Section 2, we define 
and study finite extensions, and provide some properties of these extensions. In 
Section 3, we define a full subcategory rep(Q) of rep(Q) which consists of the finite 
extensions of objects in rep~(Q) by those in rep + (Q). The additive fc-category 
rep(Q) is shown to be abelian and Horn-finite. We also provide a result saying that 
each representation in rep(Q) is built from a projective representation in rep + (Q), 
an injectivc representation in rcp~(Q) and a finite dimensional representation. In 
Section 4, we show how to control the domain and co-domain of an irreducible 
morphism in fep(Q). In particular, if M — » N is irreducible in rep(Q) with both 
M,N indecomposable, then either M E rep~(Q) or N E rep + (Q). In Section 
5, we give a complete description of the Auslander-Reiten quiver of rep(Q). If 
Q is connected, there is a unique preprojective component, a unique preinjective 
component and four possible types of regular components. Finally, in Section 6, 
we describe partially the Auslander-Reiten quiver of rep(Q), by showing that the 
connected components of the Auslander-Reiten quiver of rep(Q) are connected 
components of the Auslander-Reiten quiver of rep(Q). We propose a conjecture for 
the shapes of the other connected components of the Auslander-Reiten quiver of 
rep(Q). 

1. Representations of quivers 

Let Q = (Qo, Qi) be a strongly locally finite quiver, that is, a locally finite quiver 
for which the number of paths between any given pair x, y of vertices of Q is finite. 
This last property will be referred to as Q being interval-finite. Throughout the 
paper, we fix k to be any field. Recall that a representation M of Q (over k) is 
defined by the following data. For each x E Qo, M(x) is a fc-vector space and for 
each arrow a : x — > y E Qi, M(a) : M(x) — » M(y) is a /c-linear map. If M,N 
are representations in Rep(Q), then a map / : M — > N is a family {f x : M{x) — >• 
N(x) | x E Qo} of k- linear maps such that for any arrow a : x — > y in Q, we have 
f y M(a) = N(a)f x - The category of all representations of Q over k is denoted by 
Rep(Q). Indeed, Rep(Q) is the category of all /c-linear covariant functors from the 
path category kQ to the category of all k- vector spaces. The importance of the 
category Rcp(Q) relics on the fact that it is equivalent to the category ModA of 
all unitary left yl-module, where A is the path algebra kQ (and has no identity if 
Q is infinite). Here, a left ^4-module M is unitary if AM — M . A representation 
M E Rep(Q) is said to be locally finite dimensional if M(x) is finite dimensional 
for all x E Qo] and finite dimensional if ^2 xe Q Q M(x) is finite dimensional. The 
full subcategory of Rep(Q) of all locally finite dimensional representations of Q is 
denoted by rep(Q). In some sense, the objects in rep(Q) are close from being finite 
dimensional and they have nice properties. For example, every indecomposable 
object in rep(Q) has a local endomorphism algebra; see 0, and there exists a 
(pointwise) duality Dq : rep(Q) — > rep(Q op ) where Q op is the opposite quiver of 
Q; see [B]. It is also shown in [71 Section 3.6] that Rep(Q) (and rep(Q)) is abelian 
and hereditary, that is, Extj^ ep (Q)(— , — ) vanishes. Note however that, in general, 
rep(Q) is not Horn-finite. 

Let us now introduce two important families of representations in rep(Q). First, 
given x, y E Qo, let us denote by Q(x, y) the (finite) set of paths from x to y in Q. 
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For a G Qo, let P a denote the representation denned as follows. For x G Qo, P a (x) — 
k(Q(a, x)) and for an arrow a : x — > y, P a (a) is the right multiplication by a. Since 
Q is interval-finite, P a G rep(Q). It is easy to show that P a is indecomposable 
projective in rep(Q); see, for example, [6l Proposition 1.3]. Dually, for a G Qo, 
denote by I a the following representation. For x G Qo, I a (x) = k(Q(x,a)) and for 
an arrow a : x —¥ y, I a {pc) is the transpose of the map kQ(y, a) — > kQ{x, a) which 
is the left multiplication by a. Since Q is interval-finite, I a G rep(Q). Moreover, 
using the duality Dq, we see that I a is indecomposable injective in rep(Q); see also 

m- 

The full subcategory of Rep(Q) whose objects are the finitely presented (finitely 
co-presented, respectively) representations is denoted by rep + (Q) (rep~(Q), re- 
spectively). Since Q is strongly locally finite, rep + (Q) and rep~(Q) are indeed full 
subcategories of rep(Q). Since rep(Q) is hereditary, M G rep + (Q) if and only if 
there exists a short exact sequence 

o -> e: ,.,/•. -> eu^« -»• m o 

in rep(Q) where the Xi are vertices in Q. Similarly, M G rep _ (Q) if and only if 
there exists a short exact sequence 

o -»• m -> eti^ -> @C +1 i Vi -»> o 

in rep(Q) where the y\ are vertices in Q. The indecomposable projective repre- 
sentations in rep + (<5), up to isomorphisms, are the P x for x G Qo- Similarly, the 
indecomposable injective representations in rep _ (Q), up to isomorphisms, are the 
I x for x G Qo- However, rep(Q) may have indecomposable projective representa- 
tions which are not isomorphic to the P x , and dually, may have indecomposable 
injective representations which are not isomorphic to the I x . 

Let us now introduce more definitions. For this purpose, fix M G rep(Q). The 
support of M, written as supp(M), is the full subquiver of Q generated by the 
vertices x G Qo for which M(x) ^ 0. If M G rep + (Q), then it follows from the 
definition of rep + (Q) and the fact that Q is strongly locally finite that supp(Af) 
is top- finite, that is, contains finitely many source vertices and every vertex x in 
supp(M) is a successor of one such source vertex. Dually, if M G rep~(Q), then 
supp(M) is socle-finite, that is, contains finitely many sink vertices and every vertex 
x in supp(Af ) is a predecessor of one such sink vertex. Observe that a socle-finite 
quiver may contain a left-infinite path, that is, a path of the form 

• ■ • — >o— s>o— >o— >o 

but does not contain a right-infinite path, that is, a path of the form 

o— > o — >o— > o — y ■ ■ ■ . 

Dually, a top-finite quiver may contain a right-infinite path but does not contain 
left-infinite paths. It is easy to see that a full subquiver of Q which is top-finite 
and socle-finite needs to be finite. In particular, 

rep b (Q) :=rep+(Q)nrep-(Q) 

consists of all the finite dimensional representations of Q. If x is a vertex in Q, then 
one says that M is supported by x if M(x) ^ 0, or equivalently, if x G supp(M). 
Finally, if a G Q\, we say that M is supported by a if M(a) ^ 0. Note that if a is 
an arrow in supp(M), then it does not necessarily mean that M is supported by a. 
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In this paper, we shall use many basic results concerning rep + (Q) and rep _ (Q) 
appearing in [6]. This is our main reference. We shall, however, recall the main def- 
initions and results we need at the appropriate place in the sequel. Here are some of 
them, that we will use freely. Both rep + (Q) and rep _ (Q) are Horn-finite hereditary 
abelian fc-categories. For any indecomposable non-pro jective representation X in 
rep + ((5), there exists an almost split sequence 

O^X'^E^X^O 

in rep(Q) where X' £ rep _ (Q). This sequence is almost split in rep _ (Q) if and 
only if X is finite dimensional. Dually, for any indecomposable non-injective rep- 
resentation Y in rep _ ((5), there exists an almost split sequence 

O^Y^E'^Y'^0 

in rep(Q) where Y' £ rep + (Q). This sequence is almost split in rep + (Q) if and 
only if Y is finite dimensional. 

2. Finite extensions and their properties 

In this section, we define the main category (a subcategory of rep(Q)) of interest 
of the paper. As we will see, this category contains all the almost split sequences 
of rep(<5) and has a nice Auslander-Reiten theory. Let L,M,N £ rep(Q). An 
extension of N by L is a short exact sequence 

in rep(<5), where M is called an extension-representation of N by L. Two extensions 
•q, 7 of N by L are equivalent if there exists a commutative diagram 

n : — *-M — 

7: Q—^L^M' iV 

in rep(Q). If M is an extension- representation of N by L such that all but a finite 
number of arrows supporting M are arrows supporting L © N , then M is said to 
be a finite extension-representation of N by L, while the corresponding short exact 
sequence is a finite extension of N by L. Recall that Ext(iV, L) is the set of all 
extensions of N by L modulo the equivalence relation given above. It is an abelian 
group under the Baer sum; see [9]. Observe that if 77,7 are equivalent extensions 
of N by L, then 77 is finite if and only if 7 is finite. Moreover, one can easily check 
that if 7, T) £ Ext(A, L) are finite extensions, then their Baer sum 7 + r) is also a 
finite extension. Hence, the subset £(N. L) of Ext(iV, L) of all equivalence classes 
of finite extensions of N by L is a subgroup of Ext(JV, L). The following lemma 
tells us how to recognize such a finite extension. 

Lemma 2.1. Let M be an extension-representation of N by L and S be the arrows 
x — > y in Q with x £ supp(A) and y £ supp(L). Then M is a finite extension- 
representation if and only if M(a) — for all but a finite number of a £ S. 

Proof. Let E be the set of all arrows in Q supporting M but not supporting L®N, 
and let a : x — > y with a £ E. If x £ supp(L)\supp(A), then M(x) = L{x). 
Moreover, L being a sub-representation of M implies that L(a) ^ 0, a contradiction. 
Hence, x £" supp(L)\supp(A). Similarly, y g supp(A)\supp(L). In particular, 
since supp(M) = supp(L) U supp(A), x £ supp(A) and y £ supp(L). □ 
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Let rep(Q) be the full subcategory of rep(Q) with objects M such that M is a 
finite extension- representation of N by L for some L G rep + (Q) and N £ rep _ (Q). 
We will use this category to get a better understanding of the Auslander-Reiten 
theory of rep(Q). Observe that Auslander has defined a similar category in pQ, for a 
similar purpose but in a different setting. Given a noetherian algebra A, Auslander 
defined arno(A) as the full subcategory of the module category whose objects are the 
middle terms of the short exact sequences of the form 0— y L — > M — y N — > with 
L an artian A-module and N a noetherian A-module. Note that in general, a finitely 
presented representation is not artinian and, more importantly, is not noetherian; 
see [11]. Hence our definition is slightly different. When rep + (Q) is noetherian 
and rep _ (<5) is artinian, then Lemma 12.31 below implies that our category rep(Q) 
contains all representations occurring as a middle term of a short exact sequence 
of the form — >• L — >• M — > N — > with L an artian representation and N a 
noetherian representation. 

Lemma 2.2. Let M be a representation in fep(Q). Then any short exact sequence 
0—yL—yM—yN—yO with L £ rep + (Q) and N G rep _ (Q) is a finite extension. 

Proof. By assumption, there exists a finite extension 

— *» V — *- M — *- N' — *- 

with L' G rep+(Q) and N' G rep _ (Q). Let 

be an extension with L G rep + (Q) and N G rep^(Q). Observe that 

supp(L')\supp(L) C supp(A r ). 

We claim that supp(L')\supp(L) is finite. Suppose the contrary. Since supp(A r ) is 
socle-finite, there exists a left-infinite path p in supp(iV) ending at y £ Qo such that 
infinitely many vertices of p, say {£j}j>i, lie in supp(L')\supp(L). Since supp(L') 
is top-finite, infinitely many of the Xi are successor of a fixed vertex x in supp(L'). 
Therefore, there are infinitely many vertices {yi}j>i such that, for i > 1, there is a 
path from x to y passing through j/j. This contradicts the fact that Q is interval- 
finite. Hence, supp(L')\supp(L) is finite. Similarly, supp(L)\supp(L') is finite. In 
a dual way, we can show that supp(7V)\supp(A r ') and supp(iV')\supp(7V) are finite. 
Therefore, all but a finite number of arrows starting at a vertex in supp(TV) and 
ending at a vertex in supp(L) are arrows starting at a vertex in supp(TV') and ending 
at a vertex in supp(L'). The result follows immediately from Lemma |2. II □ 

Lemma 2.3. Let X G rep+(Q) and Y G rep~(Q). Then Ext(X,F) = £(X,Y). 

Proof. From Lemma l2.11 it is sufficient to show that there are finitely many arrows 
starting from a vertex in supp(AT) and ending to a vertex in supp(F). Assume the 
contrary. Let {ai : Xi — > yi}i>\ be an infinite family of arrows with xi G supp(A") 
and yi G supp(F). Since supp(X) is top-finite and supp(F) is socle-finite, there 
exist a source vertex x in supp(X) and a sink vertex y in supp(F) such that, for 
infinitely many i > 1, Xi is a successor of x in supp(A) and yi is a predecessor of y 
in supp(y). Hence, there arc infinitely many paths starting from x and ending at 
y. This contradicts the fact that Q is interval-finite. □ 
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Recall that since Q is interval-finite, Q(x,y) is finite for x,y £ Qo- However, 
Q(x, y) can be arbitrarily large when x, y run through Qo x Qo- If there exits a global 
bound on \Q(x,y)\, then every extension of a finitely co-presented representation 
by a finitely presented one is finite. 

Proposition 2.4. Suppose that Q is such that there exists a positive integer r 
such that \Q(x,y)\ < r for any x,y £ Qo- Then £(X,Y) = Ext(X, Y) for any 
X £ rcp~(Q) and Y £ rcp+(Q). 

Proof. Let 

be an extension with L £ rep + (Q) and N £ rep~(Q). Let A be the set of all 
arrows in Q starting at a vertex in supp(iV) and ending at a vertex in supp(L). It is 
sufficient to show that A is finite. If one of supp(N), supp(L) is finite, then the claim 
follows since Q is locally finite. Hence, we may assume that both supp(N), supp(L) 
are infinite. Suppose to the contrary that A is infinite. This implies that S — 
{s(a) | a £ A} and E = {e(a) \ a E A} are both infinite subsets of Qo- Since 
supp(TV) is socle-finite and S C supp(iV) is infinite, there exists a left infinite path 

p : ■ ■ ■ ->• a 3 — > a 2 -> a\ 

in supp(TV) with an infinite number of Oj being in S. Then J := p n S is infinite. 
Since supp(L) is top-finite and 

J' = {e(a) | a £ A, s(a) eJjCBC supp(L) 

is infinite, there exists a right-infinite path 

bi b 2 -)■ 63 • ■ • 

in supp(L) with an infinite number of 6j being in J'. It is now easy to see that the 
sets Q(dj,bj), j > 1, have arbitrary large cardinality. This is a contradiction. □ 

Let us introduce some definitions. Let E be a quiver and a full subquiver of 
E. One says that is predecessor- closed (resp. successor-closed) in E if for any 
path p : x y in E with y in f2 (resp. a; in f2), we have x £ f2 (resp. y £ O). 
We say that is co-finite in E if Eo\^o is finite. If O is a full subquiver of E, and 
M is a representation of E, we denote by Mq the restriction of M to 0. It is a 
representation of f2 but can be seen as a representation of E by setting Mq (x) = 
if x £ ft. 

Lemma 2.5. Suppose that M £ fcp(Q). Then there exists a top-finite full sub- 
quiver fi of Q such that Mq e rcp+(Q) is a sub-representation of M and M/M^ £ 
rep~(Q). In particular, 

-> M n ->• M — > M/Mq -> 

is a finite extension. 

Proof. One has a finite extension 

O-J-i-^M-S-JV-S-O 

with L £ rep + (Q) and N £ rep^(Q). Let fi be a top-finite and successor-closed 
subquiver of Q supporting L. Then L is a sub-representation of Mq. Consider the 
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diagram 




where g is the induced morphism. Observe that g is an epimorphism. By the snake 
lemma, Kerg = Mq/L and hence, 

supp(Kerg) C supp(N) n supp(M n ) C supp(iV) n 0, 

which is finite. In particular, Kerg is finite dimensional and hence lies in rep~(Q). 
bmce rep~ -(Q) has cokernels, M/Mq £ rep~(Q). The fact that Mq £ rep+(Q) 
follows from the fact that rep + (Q) is closed under extensions. Hence, the bottom 
row of the above diagram yields that M is an extension-representation of M/Mq £ 
rep~(Q) by Mq £ rep + (Q) which is finite by Lemma \2. 2 1 □ 

3. Properties of rep(Q) 

The purpose of this section is to collect some properties of rep (Q) and its objects. 
Using the fact that both rep + (Q) and rep~(Q) are abelian and Horn-finite, we can 
prove that rep(Q) is abelian and Hom-finite and consequently is Krull- Schmidt, that 
is, the Krull-Remak-Schmidt theorem holds: every object decomposes uniquely (up 
to isomorphism and permutation) as a finite direct sum of objects having local 
endomorphism algebras. Let us first prove that it is abelian. 

Proposition 3.1. The category rep(Q) is abelian. 

Proof. Let us first prove that fep(Q) has kernels. Let / : M\ — > M2 be a morphism 
with M\,M% £ fep(Q). It is easy to see that Mi (B M 2 £ fep(Q). By Lemma 
12.51 there exists a full subquiver f2 of Q such that (Mi © M2)a. £ rep+(Q) and 
(Mi ©M 2 )/(Mi ©M 2 )n £ rep-(Q). Now, (Mi) a £ rep+(Q), for i = 1,2, since 
rep + (Q) is closed under direct summand. Similarly, Mi/(Mj)n £ rep _ (Q), for 
i = 1,2. By Lemma 12.21 we have finite extensions 

-> (Mi) Q -> Mi -»• Mi/(Mi)n -> 

for i = 1,2. Thus, one has a diagram 



0- 



(M; 



Mi 



M 1 /(M 1 ) n 



■0 







(M 



■M 2 



M 2 /(M 2 ) n 







2)Q — 

where u is the restriction of / to f2 and h is the induced morphism. This yields an 
exact sequence 

— > Ker u — > Ker / ^> Ker h —> Coker u 

in rep(Q). Now, Keru, Cokeru £ rep + (Q) while Ker ft, £ rep~(Q). Since 

supp(Imu) C supp(Coker u) n supp(Ker/i), 

Imu is finite dimensional. Hence, Kerw £ rep _ (Q) since Ker/i/Kerw is finite 
dimensional. Therefore, Imo' £ rep _ (Q), meaning that Ker/ is an extension- 
representation of Imo' £ rep~(<5) by Keru 6 rep + (Q). Now, if Ker / is not a finite 
extension-representation of Imi>' by Ker it, it means that there exists an infinite 
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family of arrows {ai}i>i such that for i > 1, oti starts at a vertex in supp(Imu'), 
ends at a vertex in supp(Keru) and (Ker/)(ai) is non-zero. Observe that 

supp(Imu') C supp(Mi/(Mi)n) and supp(Keru) C supp((Afi)n). 

Moreover, (Ker/)(ai) ^ implies that Mi(ai) ^ 0. Hence, for i>l, on is an arrow 
starting at a vertex in supp(Mi/(Mi)n) and ending at a vertex in supp((Mi)n) such 
that Mi(ai) 7^ 0. This contradicts the fact that the given extension of M\j (Mi)n 
by (Afi)si is finite. This shows that Ker/ 6 fep(Q). 

Similarly, one can prove that rep(Q) has cokernels. Hence, being a full subcate- 
gory of rep(Q), fep(<5) is abelian. □ 

Proposition 3.2. The category rep (Q) is Horn-finite and Krull- Schmidt. 

Proof. Recall that both rep + (Q) and rep~(Q) are Horn- finite; see [6]. Moreover, 
if M G rep+(Q) and N £ rep (Q), then Hom(Af, iV) and Rom(N,M) are finite 
dimensional since supp(M)nsupp(iV) is finite. Let M 1; M 2 G fep(Q) such that Mi is 
a finite extension- representation of Ni by Li, with Li G rep + (<5) and Ni G rep _ (Q), 
i = 1, 2. Then one has 

->■ Hom(A^i,i 2 ) -> Hom(Afi,L 2 ) -> Hom(ii,L 2 ) 

showing that Hom(A:fi, L 2 ) is finite dimensional. Similarly, Hom(Mi, N 2 ) is finite 
dimensional. The exact sequence 

-> Hom(Mi, L 2 ) ->• Hom(Mi, M 2 ) -> Hom(Mi, iV 2 ) 

yields that Hom(Mi, M 2 ) is finite dimensional. Now, it is well known that a Horn- 
finite abelian category is Krull- Schmidt. □ 

Proposition 3.3. The category rep (Q) is closed under finite extensions and direct 
summands. 

Proof. Let 

(*) : -> Mi -> M 3 ->■ M 2 ->■ 

be a finite extension in rep(Q) with Mi,M 2 G fep(<3). By Lemma 12.51 there 
exist top-finite successor-closed subquivers fl' , Vt" of Q such that (Mi)n', (M 2 )n" £ 
rep+(Q) and M 1 /(M 1 )n>,M 2 /(M 2 )n" G rep"(Q). Let Q be the union of Q' and ft", 
which is top-finite and successor-closed in Q. Consider the following commutative 
diagram with exact rows: 

(Mi)n » Mi ^ Mi/(Mi)n' > 

I II I 

(Mi) n Mi »- Mi/(Afi) »- 0. 

Since the inclusion (Afi)sr — > (Mi)q has a cokernel which is supported by the 
intersection of supp(Mi/(Mi)o/) with ft", which is a finite quiver, we see that 
(Mi)n G rep+(Q). Also, the kernel of the projection M 1 /(M 1 )n' Mi/(Mi) n 
is finite dimensional showing that Mi/(Mi)n is finitely co-presented. Similarly, 
(M 2 )n G rep + (Q) and M 2 /(M 2 )n G rep~(Q). By Lemma [231 the extensions 



-> (Mi)n Mi Mi/{Mi)n -y 
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are finite for i = 1,2. By restricting the extension (*) to ft and Q\ft, one gets a 
commutative diagram 

(MOn (M 3 ) n (M 2 ) n 

III 
Mi M 3 > M 2 >■ 

III 

M 1 /{M 1 )q ^ M 3 /(M 3 )o » M 2 /(M 2 ) 

where all rows and all columns are exact. Since rep + (Q) and rep~(Q) are closed 
under extensions, (Ma)n £ rep + (Q) and M$/(Mz)n S rep~(Q). If Ms is not a 
finite extension-representation of M^/iM^n by (-Ms)n, then there exists an infinite 
family of arrows {ai}i>i all starting at a vertex in supp(M3/(M3)n) C Q\Q and 
ending at a vertex in supp((M3)o) C f2 such that M 3 (ai) ^ 0. Since the middle 
row is a finite extension, (Mi © M 2 )(o!j) 7^ for all but a finite number of j > 1, 
which yields that Mi(a^) 7^ for all but a finite number of i > 1 or M 2 (a:i) 7^ for 
all but a finite number of i > 1. In the first case, we get that the first column is 
not a finite extension, and in the second case, that the third column is not a finite 
extension. This is a contradiction. This shows that M3 G fep(<5). The last part of 
the proposition follows from the fact that rep(Q) is abelian. □ 

In order to have a better understanding of the objects in rep(Q), we first state 
the following result, which can be derived easily from [6j Theorem 1.12]. 

Proposition 3.4 (Bautista-Liu-Paquette). Let O/Me rep + (Q) have support E. 
Then there exists a co-finite and successor-closed subquiver ftofT, such that 

(1) Mq is projective, 

(2) M s \q is non-zero, finite dimensional and is indecomposable when M is. 
Moreover, any co-finite and successor-closed subquiver Q' of fl also satisfies prop- 
erties (1) and (2). 

Of course, the dual result for rep~(<5) holds true. We will show that a similar 
statement in rep(Q) can be obtained. Before going further, we need a lemma. 
We say that a representation M e rep(Q) is indecomposable up to projectives if 
M = Mi©Af2 implies that Mi or M 2 is projective in rep + (Q). We also have the dual 
notion of indecomposable up to infectives. Finally, M £ rep(Q) is indecomposable 
up to projectives and injectives if M = Mi © M 2 implies that one of Mi , M 2 is 
projective in rep + (<5) or injective in rep~(<5)- 

Lemma 3.5. Let M € rep(Q) have support E. Then there exists a top-finite and 
successor- closed subquiver Q o/E such that 

(1) Mq € rep + (Q) is projective, 

(2) M/M n erep-(Q), 

(3) If M/Mq is indecomposable, then M is indecomposable up to projectives, 

(4) If M is indecomposable, then M/Mq is indecomposable. 

Moreover, any successor- closed and co-finite subquiver offl also satisfies properties 
(1) to (4). 

Proof. By Lemma 12.51 there exists a top-finite full subquiver f2' of E such that 
Mq/ e rep + (Q) and M/Mq> 6 rep~(Q). We may choose fi' to be successor- 
closed in E. If ft' is empty, then we are done. Suppose that Q' is non-empty. By 
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Proposition 13.41 let Sp be a co-finite and successor-closed subquiver of 51' such 
that (Mq/)s p = Ms P is projective in rep + (Q) and Mq'/M^ p is finite dimensional, 
non-zero and indecomposable whenever Mq< is. Clearly, Mj p £ rep + (Q) and 
M/Msj, £ rep~(Q). Suppose that 51 is a co-finite and successor-closed subquiver 
of Ep such that if a : x — ¥ y is an arrow with y £ 51 and Af (a) ^ 0, then a; £ Ep. 
Such a co- finite subquiver of Ep exists since M is a finite extension- representation 
of M/My, p by Ms p by Lemma 12.51 Moreover, one can chose 51 so that Ep\51 
contains the support of the top of the projective representation Mj p . Being a sub- 
representation of Ms P , Mq is projective. Moreover, it lies in rep + (Q) since 51 is 
co-finite in Ep. Similarly, M/Mq £ rep~(Q). 

Now, suppose that M decomposes non-trivially as M — Mi © M2 with Mi, M2 
non-projective. If the support of M\ is included in 51, then M\ is a sub-representation 
of Mj] and hence is projective, a contradiction. Thus, the support of M\ has an in- 
tersection with E\f2, meaning that the restriction M±/(Mi)q of Mi to E\51 yields 
a non-zero direct summand of M/Mq. If Afi/(Mi)n = M/Mq, then Mi has a 
support included in 51 and hence is projective, a contradiction. This shows (3). 

Conversely, let N = M/Mq — Ms\o with a non-trivial decomposition N = 
Ni (B N2- Let M' be a the sub-representation of M generated by the elements 
Ni(x) C jV(a:) = M(sc) for a; in the support of N. Let i x : M'(x) -» M(x), for 
x £ Qoj be the inclusions defining the inclusion morphism M' — > M. Observe now 
that (M')s\n = ^i- For x £ Q\51, there are maps t x : M(x) = N(x) -> M'(x) = 
Ni(x) such that t x i x — \m>(x) and for any arrow a : x — s> y with x,y E Q\fi, 
M'(a)t x = t y M(a). Observe that (M^SpjMs^, are projective representations 
whose tops are supported by Ep\51. Hence, the maps t x , x G Ep\fi, provide an 
epimorphism M Sj3 \q — > (Af')s P \o which could be extended to an epimorphism 
t : Ms p (M')y, p between projective representations. Therefore, t is a retraction. 
Thus, for x £ Q, we have maps t x : M(ai) — J> M'(x) which are compatible with the 
arrows in Q\tt and in 51. Since any other arrow of Q\ is not supporting M, the t x 
define an epimorphism M — > M' and is such that t x i x = 1m>(x) f° r x £ Q\51. It 
only remains to show that t x i x = Im'(x) for x £ 51. Recall that 51 is top-finite and 
hence, for x £ 51, there is a non-negative integer n x such that every path y x 
with y £ 51 has length bounded by n x . We proceed by induction on n x . If n x = 
and every arrow a : y — > x in Q is not supporting M, then the elements in M{x) 
are top elements of My, p , contradicting the fact the 51 does not contain the vertices 
supporting the top of M^ p . Let {cti : yi — > x}i<i< r be the non-empty set of arrows 
ending in x and supporting M. Since (Af')sj, is a projective representation whose 
top is supported by Ep\5! and yi £ Ep for 1 < i < r, the map 

(M'fo)) : ©UM'^) -> M'(x) 

is bijective. Moreover, t Vi i yi = Im'Tw) for I < i < r. Now, 

t x i x (M'( yi )) = t x (M{ yi ))(i Vi ) 

= {M'{ Vi )){ty>){im) 
= (M'( Vi )) 

showing that t x i x = Im'(x)- Now, if n x > 0, then every arrow a : y — > x supporting 
M is such that y£Epory£51 with n y < n x . Hence, by induction, t y i y = lM'(y)- 
The proof then uses the same argument as above to show that t x i x — Im'O)- This 
shows that M' is a direct summand of M, which is non-trivial and proper since iVi 
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is a non-trivial proper direct summand of N. Hence, M is decomposable, showing 
(4). The last part of the lemma is easy to see. □ 

The following result says how the representations in rep(Q) are constructed. 

Proposition 3.6. Let M 6 rep(Q) with support E. There exist full subquivers Ep 
and Ej of E such that 

(1) Ep is top-finite and successor-closed in E such that Ms P is projective, 

(2) Ej is socle-finite and predecessor-closed in E\Ep such that M^ is infective, 

(3) fl := E\(Ep U £/) is finite and non-empty, 

(4) Mq is indecomposable whenever M is indecomposable; and M is indecomposable 
up to projectives and infectives whenever Mq is indecomposable. 

Moreover, if E' p is co-finite and successor-closed in Ep and Ej is co-finite and 
predecessor- closed in E/, then Ej and E P also satisfies properties (1) to (4). 

Proof. By Lemma 13.51 there exists a successor-closed and top-finite subquiver Ep 
of E such that M% p is projective in rep + (Q) and M/M% p e rep~(Q). Moreover, 
if M/Ms p is indecomposable, then M is indecomposable up to projectives; and if 
M is indecomposable, then M/M^ p is. Since M/M^ P G rep~(Q), by the dual of 
Proposition [33 there exists a predecessor-closed subquiver E/ of E\Ep such that 
E/ is co- finite in E\Ep and (M/Ms P )s ; = M^ } is injective in rep _ (Q). It is easy 
to see that E\(Ep U £/) is finite. By Proposition ^. 4[ Ep and E/ can be chosen so 
that f2 := E\(Ep U E/) is non-empty. Moreover, since M G fep(<5), we can assume 
that Q is large enough so that any arrow attached to Ep and £/ does not support 
M. Suppose now that M is indecomposable. Then M/Ms p is indecomposable by 
Lemma l3~5l Moreover, by the dual of Proposition ^. 4[ one can choose E/ in such a 
way that 

(M/M Sp ) s \ Ei = M Q 

is indecomposable. Conversely, suppose that Mq is indecomposable. Then any 
non-trivial decomposition of M yields an indecomposable direct summand Z of AI 
supported by E/ U Ep. Since no arrow supporting Z joins Ep to E/, we see that 
supp(Z) C Ep or supp(Z) C Ep In the first case, Z is a direct summand of M^ p 
and hence is projective in rep + (Q). In the second case, Z is injective in rep~(Q). 
The last part of the statement follows similarly. □ 

4. Irreducible morphisms in fep(Q) 

Let C be any additive fc-category. A morphism / : X — > Y is said to be irreducible 
if it is neither a section nor a retraction, and any factorization / = gh imply that 
h is a section or g is a retraction. In this section, we prove that the irreducible 
morphisms in rep (Q) are all contained in the Auslander-Reiten sequences of rep(Q). 

For simplicity, an indecomposable representation M £ rep(<5) which is neither 
finitely presented nor finitely co-presented will be called doubly-infinite, since its 
support contains a left-infinite path and a right-infinite path. 

Now, we need some notations for the lemmas presented in this section. Fix 
M,N two doubly- infinite indecomposable representations in rep(Q) with a non- 
isomorphism / : M — > N. Let E be the support of M N. We can deduce 
from Proposition 13.61 that there exist a successor-closed subquiver Ep of E and a 
predecessor-closed subquiver E/ of E\Ep such that Mz p ,N^ p are projective in 
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Figure 1 . The subdivisions of the quiver E 

rep + (Q), M-£ t ,Nxi are injective in rep~(Q) and Mq,Nq, where 9 = E\(EpUE/), 
are finite dimensional and indecomposable. 

Since Ej is clearly infinite, there exists a finite successor-closed subquiver 6' of 
E/ such that: 

(1) 9' supports the socle of (M © N) Sl , 

(2) every arrow x — > y supporting M © N with x <E E/\0' is such that y G Ej. 

Such a finite quiver O' exists since M © N is a finite extension-representation of 
(M © AT) Ej by (M © JV) B \ Sj by Lemma O Now, there exist a vertex a e E/\0' 
and an arrow a — > b with b e 9'. Then a does not lie in the support of soc(M©A r )s / 
and we can choose it so that every arrow starting in a and supporting M © N has 
an ending point in 9'. The successor-closed subquiver of Ej generated by 9' and 
a will be denoted by A. Observe that A is finite and successor-closed in Ej. Now, 
set A := (E\E/) U A and A' := 9 U A = A\E P ; see figure 1. 

First, let us show that /s\Sj can be assumed not be an isomorphism. Otherwise, 
there exists a co-finite and predecessor-closed subquiver Ej of E/ such that is 
not an isomorphism. By the second part of Proposition 13. 6[ Ep and Ej satisfy the 
same properties stated in the introduction of this section. We then set Ej := Ej. 
The subquivers 9 and A need also to be changed according to the new definition 
of E/. We start with the following lemma. 

Lemma 4.1. Let L 6 rep(Q) such that supp(L) C E and any arrow a : x — > y 
supporting L with x £ E/\A is such that ygEj. Then the restriction map: 

tp L : Hom(L, X) -> Hom(L A , X A ) 

is an isomorphism oj ' k -vector spaces, where X = M or X = N . 

Proof. We only consider the case where X = N. It is clear that ipL is fc-linear. 
If h : L — > N is such that ft. a = 0, then h\ — 0. Now, consider the morphism 
^Sj : — > N-z I where N^j is injective in rep(Q). By the construction of A, 
A^a is an essential sub-representation of N-^j. Therefore, if Im(fts/) is non-zero, 
then it has a non-zero intersection with A^a, contradicting the fact that /ia = 0. 
Hence, hs r = yielding h = 0. This shows that ipL is injective. Conversely, let 
g : La — > Na be any morphism. Consider the canonical inclusions ii : La — ^ L-^ r 
and iw ■ N\ — > A^s f . Since is injective, there exists a morphism v : Ls 7 — >• N^j 
such that vii, = ijv5A- Now, the morphisms g : La —> and v : L^j — > N-% I 
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coincide on A, that is, <?a = v\. Since there is no arrow x — > y with x £ E/\A 
and y £ £\E/ which supports L © N, we see that g and v yield a morphism 
h : L ^ N such that h& = g. This shows that i/>l is surjective and thus that it is 
an isomorphism. □ 

Lemma 4.2. Both Ma and are indecomposable. 



Proof. By Proposition 13.61 Ma' is indecomposable. Therefore, if Ma decomposes 
non-trivially, then there is a non-zero direct summand Z of A/a supported by Ep. 
Since there is no arrow from £/\A to Ep supporting M, we see that Z is a direct 
summand of M , a contradiction. Thus, Ma is indecomposable and similarly, JVa 
is indecomposable. □ 

Lemma 4.3. If f is an irreducible monomorphism, then /a is irreducible in 
rep+(A). 

Proof. Suppose that / : M — > N is an irreducible monomorphism, which will 
be assumed to be an inclusion. By Lemma 14. 1\ /a is a monomorphism which is 
neither a section nor a retraction. Suppose that /a = vu where u : Ma — > L, 
v : L — > and L £ rep + (A). Since A is successor-closed in £/, it is a convex full 
subquiver of Ep Hence, Ma and N\ are injective in rep(A) since M^ I and are 
injective in rep(Q). Therefore, u\ and f\ are section maps. Hence, L\ = Ma © Z 
where Z £ rep(A). Thus, one may choose to write ma = (1,0) T and va = (s,g) 
where s is a section. Since N-^j is injective, there exists s' : — > Ns I such 
that (s')a = s. Let i : A/a — > Ns I be the canonical inclusion. Consider the 
representation L' = Ms 7 © Z of E/ with m' : M S/ — >• L' and v' : L' — > where 
u' = (1,0) T and v' = (s',ig). It is clear that (v'u')a = vu. Now, the representation 
L' of E/ together with the representation L of A are such that (L')a — La an d 
thus yield a representation L" of E such that if a : x — > y is an arrow with one 
extremity in E/\A and the other in E\E/, then L"(a) — 0. It is easy to see that 
L" G rep(Q). Observe also that if a : x — > y is an arrow with one extremity in E/\A 
and the other in E\Ep then M(a) = 0. Using this and the fact that A n E/ = A, 
the morphisms u : Ma — » L and u 1 : Ms z — > L' give a morphism u" : M — ) L" 
such that (u")a = u and (u")z; I = u' . Similarly, the morphisms v : L — ¥ Na and 
v' : V — > Nj^j give a morphism v" : L" —> N such that (v")a — v and («")ej = v ' '■ 
Hence, / = v"u" by Lemma [4.11 Since / is irreducible in fep(Q), either u" is a 
section, or v" is a retraction. Thus, u is a section or v is a retraction. This shows 
that /a is irreducible. □ 

We are now ready to prove the main result of this section. 

Proposition 4.4. Let f : M — > N be an irreducible morphism in rep(Q) with 
M, N indecomposable. Then we have four possible cases. 

(1) M,N e rep+(Q), 

(2) M,Arerep-(Q), 

(3) M £ rep _ (Q) is infinite dimensional and N is doubly-infinite, 

(4) A^ £ rep + (Q) is infinite dimensional and M is doubly-infinite. 

Proof. Suppose that A^ £ rep + (Q). If Af is projective, then the inclusion rad(N) —> 
N is minimal right almost split in rep(Q) and hence also minimal right almost split 
in rep(Q). Therefore, M is a direct summand of the radical of A^ and hence is 
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projective in rep + (<3). If N is not projective, then one has an almost split sequence 

in rep(Q) with N' G rep~(Q), which is also an almost split sequence in rep(Q) 
by Lemma 12.31 Then M is a direct summand of E. If N' is finite dimensional, 
then M G rep + (Q). If N is finite dimensional, then M £ rep~(Q). Otherwise, 
by [6j Corolarry 3.3], either M is finite dimensional or doubly- infinite. Hence, if 
N £ rep+(g), then (1), (2) or (4) hold. Dually, if M G rep _ (Q), (1), (2) or (3) 
hold. 

We need to show that M, N cannot be both doubly-infinite. Suppose it is the 
case. We only consider the case where / is a monomorphism. The case where / is 
an epimorphism is treated in a similar way. 

We may assume that / is an inclusion, that is, M is a sub-representation of 
N. We set E to be the support of M © N and use the notation introduced at 
the beginning of this section for the subquivers Ep, Ej, A, A', 6 and A of E. By 
Lemma 14.21 Ma,Na are indecomposable. By Lemma 14.31 /a is an irreducible 
monomorphism. Let us first assume that TVa is projective in rep + (A). Then Ma 
is also projective in rep + (A) and Ma is a direct summand of the radical of ATa- 
Since a is a source vertex in A, Na = P a and hence a is not in the support of Ma. 
Now, there exists an arrow a — ► c in A with c £ supp(Ma). By the construction of 
A, c G A. Since Ms, is injective in rep(Q), Ma is injective in rep(A). Therefore, 
/a is a section. Since N\ has a simple top, it is indecomposable. Hence /a is an 
isomorphism. But this is impossible since Ma (a) = 0. This contradiction shows 
that Na is not projective. Therefore, we have an almost split sequence 

r) : -> W -> E' -> A^ A ->• 

in rep(A). 

Observe that Ma is a direct summand of and W' is finite dimensional since 
14 7 ' G rep - (A) = rep b (A). Thus, we get an irreducible monomorphism W' — > Ma 
whose image W is a proper sub- representation of Ma- We claim that W\ ^ Ma- 
Suppose the contrary. In particular, W\ is injective in rep(A), and also in rep + (A) 
since A is predecessor-closed in A. By the dual of [6l Lemma 2.5], A^a is constructed 
from W = W in the following way. Take a minimal injective co-resolution 

(*) = o -> w -> ©[ =1 4 -> e; o 

of W where the Xi,yj are vertices in A and I' x , for x G Ao, denotes the injective 
representation at x in rep~(A). Then A^a is (isomorphic to) the cokernel of the 
corresponding map 

where P' x , for x G A , denotes the projective representation at x in rep+(A). 
In particular, the support of top(A r A) consists of the yj. Recall that A is finite, 
contains a source vertex a, an arrow a — > b and has the property that every arrow 
in Q starting in a and supporting M ffi N has an ending point in A. Moreover, a 
does not lie in supp(soc(M © N)a) — supp(soc(A^ 7 )). Since a is a source vertex 
in A supporting A^a, a G supp(topA^A), which means that a — y t for some t. For 
simplicity, set I — 0^— j/^ and I\ = ©J =1 -?y. ■ Let ai,...,a q be the arrows in 
A starting in a, where a« : a — > bi, i = 1, 2, . . . , q. Since W is indecomposable 
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non-injective in rep(A) and a is a source vertex in A, a £ supp(socW). This means 
that no Xi is equal to a. Thus, by the injectivity of Jo, we get that 

X)/o(oi):/o(a)->0? =1 M6i) 

i=l 

is bijective. In particular, 

q 

dim fe (7 (a)) = dim fe (/ (^))- 

i=l 

Now, since Wa = Ma, 

supp(soc(Wa)) C supp(soc(7Va)) = supp(soc(-/Vs 7 )). 

By the definition of the vertex a, a supp(socW\). Also, since Wa is injective and 
every non-zero W(ai) is equal to Wa (<*»)) °ne also has 

dim fe (W(a)) - ^ dim fc (W(^)). 

i=l 

Therefore, using (*), 

<? 

dim fe (/i(a)) = ^ dim* (7i (&*)). 

i=i 

The last equality is true if and only if a does not support the socle of I\, that is, if 
and only if I' a is not a direct summand of I\. This means that a ^ t/j for all j, a 
contradiction to a — y t . This proves the claim, that is, Wa ^ M\. 

Suppose now that the support of W is contained in A. By restricting rj to E\£j, 
one gets (-E')e\Ej = A S \ Ej . This yields M E \ Sj = A s \ Sj since A S \ Ej is indecom- 
posable. But as observed above, /exej i s n °t an isomorphism. This contradiction 
shows that supp(W) is not contained in A. Let L be the sub-representation of Ma 
generated by M E \ Ej and W. Since W is finite dimensional, we have L £ rep + (A). 
Since M s \ Sj is indecomposable, any proper decomposition of L would yield a proper 
section si, : L' — > i with L' supported by A. Hence sl factors through W, which 
means that L' is a direct summand of W. Since W is indecomposable, L' = W, 
contradicting supp(W) % A. This shows that L is indecomposable. Hence, we 
have a proper inclusion W — > L between indecomposable representations. Since 
Wa ^ Ma, we have another proper inclusion £ — > Ma between indecomposable 
representations of rcp + (A). This contradicts the fact that the inclusion W — > Ma 
is irreducible. □ 

5. The Auslander-Reiten quiver of fep(Q) 

In this section, we assume that Q is a connected strongly locally finite quiver 
and fep(Q) is the full abelian subcategory of rep(Q) of those objects being finite 
extension-representations of objects in rep _ (Q) by objects in rep + (Q). We give a 
complete description of the Auslander-Reiten quiver of rep(Q) by giving the possible 
shapes of its connected components. 

Let us recall some definitions. Let C be any skeletally small abelian fc-category 
such that every indecomposable object has a local endomorphism algebra. We do 
not assume that C is Horn-finite. Let us denote by radc (or simply rad when no 
risk of confusion) the ideal of C defined as follows. A morphism / : X — > Y lies in 
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rade (X, Y) if and only if, for every morphism g : Y — > X , Ax —gf is an isomorphism. 
Now, if Ax — gf is an isomorphism of inverse h, then a straightforward argument 
yields that ly — fg is an isomorphism of inverse Ay + fhg. Hence, / G rad(X, Y) 
if and only if, for every morphism g : Y A, Ay — fg is an isomorphism. The 
ideal radc is known as the radical of C and a morphism / € rad(A, Y) is said to 
be a radical morphism. When C is Horn-finite, the description of the radical of C is 
given in [7]. 

It is well known that when C is Hom-finite with X, Y 6 C, then / : X — > Y is 
non-zero m rad c (A, y)/rad^(X, Y) if and only if / is irreducible. This is also true 
in our setting when X, Y are indecomposable. 

Lemma 5.1. A morphism f : X — » Y in C with X, Y indecomposable is irreducible 
if and only if it is a radical morphism whose class in radc ( A, Y")/rad 2 (A, y ) is 
non-zero. 

Proof. Let / : X — > Y with X, Y indecomposable. Assume first that / is irreducible. 
Then / is not an isomorphism. For g : Y — > X , gf G End(A) is not an isomorphism, 
and hence Ax — gf is an isomorphism since End(A) is a local algebra. This shows 
that / G i&d(X, Y). Suppose that / G rad 2 (A, Y). Hence, / = h x g\ +••• + 
h r g r where hi : Li — >■ Y and gi : X —¥ Li are radical morphisms. Let L = 
L\ © • • • © L r , h = (hi, . . . , h r ) and g = (<?i, . . . , g r ) T . Then / = hg and g is a 
section or ft, is a retraction. Assume that g is a section. Then, for 1 < i < r, 
there exist g\ : Li — > X such that g[gi + ••• + g' r g r = Ax- Since End(A) is 
local, this means that g'^gj is invertible (of inverse q) for some j, and hence that 
Ax — Qg'j9j is not invertible, contradicting the fact that gj is a radical morphism. 
Hence, g is not a section. Similarly, h is not a retraction. This shows that / 
is non-zero in rad(A, y)/rad 2 (A, Y). Conversely, assume that / is non-zero in 
rad(A, F)/rad (X, Y). It is clear that / is not an isomorphism since / G rad(X, Y). 
Assume that f = hg with g : X — » L and h : L — > Y . By assumption, one of g, h 
is not a radical morphism. Assume that g is not a radical morphism. Hence, there 
exists g' : L — > X such that Ax — g' g is not an isomorphism, meaning that g'g is 
an isomorphism, since End(A) is local. But then g is a section. Similarly, if h is 
not a radical morphism, then h is a retraction. □ 

Hence, for A, Y indecomposable in C, it makes sense to define 

irr(X, Y) := rad(A, y)/rad 2 (A, Y) 

and call it the set of irreducible maps from X to Y in C. Let us now turn our 
attention to the main object of study of the rest of the paper. The Auslander- 
Reiten quiver of C, denoted 7c, is a partially valued translation quiver defined as 
follows; compare [51 (2.1)]. The vertex set is a complete set of representatives of 
the isomorphism classes of the indecomposable objects in C. If Z is a vertex of 
7c, we denote by kz the division fc-algebra End(Z)/rad(Z, Z). Let X, Y be two 
vertices in T^c ■ By definition, there exists a unique arrow X — > Y in if and only 
if irr(A, V) is non-zero. In this case, if irr(X, Y) is of finite length over kx and ky, 
we attach to the arrow X Y & valuation (d vv . d' ) where d' and d vv are the 
dimension of irr(A, Y) over kx and /cy, respectively. In this case, d' XY and d XY 
are the maximal integers such that C admits an irreducible morphism X d xY — > Y 
and an irreducible morphism X — > Y d xy , respectively; see [SJ (3.4)]. A valuation 
(d XY ,d' ) is called symmetric if d xy = <^y> an< ^ trivial if <i xy = = 1. For 
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technical reasons, we replace each arrow X — > Y having a symmetric valuation 
(d XY , d XY ) by d XY unvalued arrows from X to Y. The translation r is defined in 
such a way that tZ = X if and only if C has an almost split sequence 

-> X Y -> Z -> 0. 

Hence, is actually a partially valued translation quiver with multiple arrows 
in which all possible valuations are non-symmetric. If C is Horn-finite, then each 
arrow of Pc has a valuation attached to it (which is then replaced by multiple arrows 
if it is symmetric). A connected component of Pq is called an Auslander-Reiten 
component of C. 

In this section, we study the Auslander-Reiten quiver of rep (Q), which is a Horn- 
finite abelian fc-category. We will show that all arrows of J 1 rgp(Q) have symmetric 
valuation, and hence that -Trcp(Q) is a quiver with no valuation. We first need the 
following lemmas. 

Lemma 5.2. An irreducible map between indecomposable objects of rep(Q) is ir- 
reducible in rep(Q). 

Proof. Suppose that / : M — > N is irreducible in fep(Q) with M,N indecom- 
posable. From Lemma 14.41 either M <E rep _ (Q) or N £ rep + (Q). We only 
consider the first case, that is, M G rep~(Q). If M is injective in rep~(Q), 
then h : M — s> M/socM is a minimal left almost split map in rep(Q) and hence 
also a minimal left almost split map in rep(<5). Hence, there exists a retraction 
r : M/socM — > N such that f = rh which shows that / is irreducible in rep(Q). 
Otherwise, we have an almost split sequence 

in rep(Q) with L G rep + (Q). In particular, £ is almost split in rep(Q). Hence, there 
exists a retraction r : E —> N such that / = rh which shows that / is irreducible 
in rep(Q). □ 

Recall from [3] that an indecomposable representation M € rep + (Q) is regular 
in -T r cp+(Q) if the connected component of -T re p+(Q) containing M does not contain 
a representation of the form P x or I x , x 6 Qq. 

Lemma 5.3. Let M be an infinite dimensional regular representation in ^ re p+(Q)- 
Then rep(Q) has a minimal right almost split morphism h : N± © N2 — ► M with Ni 
indecomposable doubly-infinite and N2 finite dimensional. 

Proof. There exists an almost split sequence 

77: -> M' -> E -> M -> 

in rep(<5) where Af is finitely co-presented. Since M is infinite dimensional, i? is 
infinite dimensional. Let L be an infinite dimensional direct summand of E. There 
are irreducible morphisms / : M' — > L and g : L — > M in rep(Q). Let us first 
assume that M' is infinite dimensional. We claim that in this case, there exists 
a left infinite path p in supp(M') such that p n supp(L) is infinite. Assume first 
that / is an epimorphism. Since supp(L) is infinite and supp(L) C supp(M') with 
supp(M') socle-finite, there exists a left infinite path 

p : ■ ■ ■ — > x 3 — > X2 -> x\ 
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in supp(M') such that infinitely many x% lie in the support of L, showing the 
claim in this case. Suppose now that / is a monomorphism. Since M' is infinite 
dimensional, supp(M') contains a left infinite path p, and supp(M') C supp(L) 
yields the claim in this case. 

Now, we show that g is an epimorphism. Suppose first that M' is finite di- 
mensional. Then 77 is an almost split sequence in rep + (Q), and hence L is finitely 
presented. Now, since rep + (Q) is Krull-Schmidt, L has an indecomposable infi- 
nite dimensional direct summand Lq and from [5J Lemma 4.13(2)], the restriction 
of g to Lq is an epimorphism. In particular, g is an epimorphism. Suppose that 
M' is infinite dimensional while g is a monomorphism. By the above claim, there 
exists a left infinite path p in supp(M') such that infinitely many vertices of p lie 
in supp(L) C supp(M), contradicting the fact that supp(M) is top-finite and Q is 
interval-finite. Hence, g is an epimorphism. 

Suppose now that L\,Li are two infinite dimensional representations such that 
L\ © Li is a direct summand of E. Then we have epimorphisms g\ : L\ — > M and 
<?2 : L2 — > M. Since M is infinite dimensional, there exists a right infinite path 

m -> y2 ->• V3 -> ■ ■ • 

in supp(M). Since supp(M') is socle-finite, there exists some yj with yj supp(M'). 
Then, 

dim M (yj ) = dim (M') ( yj ) + dim M(yj ) 
= dim E(yj) 

> dim Li(y 3 ) + dim L 2 (yj) 

> dim M (yj ) + dim M (yj), 

which is a contradiction. This shows that if E = E\ © E2 , then one of E\ , E2 is 
finite dimensional. This proves the lemma. □ 

The following proposition says that the category rep(Q) contains most of the 
Auslander-Reiten theory of rep(Q). 

Proposition 5.4. Let 77: O-flAyAZ-jOka short exact sequence in 
rep(Q). Then rj is almost split in rep(Q) if ond only if it is almost split in rep(Q). 
In this case, X G rep _ (Q) ; Z S rep + (Q) and either 

(1) Y — Y\ © Yi with Y\ indecomposable doubly-infinite and Y% zero or indecom- 
posable finite dimensional, 

(2) The sequence lies in rep~(Q), 

(3) The sequence lies in rep + (Q). 

Proof. Suppose that 77 is almost split in rep(Q). By [TUl Theorem 3.5], X £ rep _ (Q) 
and Z £ rep + (Q). By Lemma 12. 3[ r/ lies in rep(Q) and hence is almost split in 
rep(Q). Suppose now that 77 is almost split in rep(Q). Then X, Z are (strongly) 
indecomposable. If Z S rep + (Q), there is an almost split sequence 

f: O^X'^Y'^Z^O 

in rep(Q) which lies in rep(Q) by what we have shown. By the unicity of almost 
split sequences, £ = 77 and we are done. We can treat similarly the case where 
X e rep~(Q). Assume now that X rep~(Q) and Z ^ rep + (Q). By Proposition 
14.41 we must have that Y G rep + (Q) H rep~(<5), which is impossible. This shows 
that 77 is almost split in rep(Q). 



AUSLANDER-REITEN QUIVER OF AN INFINITE QUIVER 



19 



Assume now that rj is almost split in fep(Q) (and hence in rep(Q)). If X is 
finite dimensional, then (3) holds and if Z is finite dimensional, then (2) holds. 
Otherwise, since both X, Z are infinite dimensional, Z is regular in -T rcp + <q) and 
from Lemma 15.31 Y = Y± © Yi with Yj indecomposable infinite dimensional and Y2 
finite dimensional. If Y\ G rep + (Q), then Y £ rep + (Q) and hence X G rep + (Q). 
Being in rep _ (Q), we get X G rep f, (Q), a contradiction. Hence, Yi ^ rep + (Q). 
Similarly, Y% rep _ (Q). Therefore, Y\ is doubly-infinite. Now, if Y2 is non-zero, 
then there is an irreducible map Y2 — > Z in rep + (Q). From 6, Theorem 4.14] (see 
also Theorem 15. 9p . Y2 is indecomposable. This proves that one of (1), (2) or (3) 
hold. □ 

Unfortunately, there may be irreducible maps M N in rep(Q) with M,N 
indecomposable but not in fep(Q). Hence, the Auslander-Reiten quiver of rep(Q) 
misses some irreducible maps of rep(Q). However, in the next section, we shall see 
that these irreducible morphisms are isolated from the irreducible morphisms in 
fep(Q). 

Example 5.5. Let Q be the following quiver 

5 3 1 

x y x y x 
4 2 

of type Aqo with zigzag orientation. Consider the indecomposable sincere represen- 
tation M such that M{i) — k for all i e N. Let N be the quotient of M by the 
simple representation at the vertex 0. Then the morphism M — > N is irreducible 
in rep(Q) with M,N g' fep(Q). Observe, however, that there is no almost split 
sequence in rep(Q) starting or ending in M or N, by Proposition [5]U 

Lemma 5.6. Let f : M —¥ N be a morphism in rep + (Q). Then f is irreducible in 
rep + (Q) if and only if f is irreducible in fep(<5). 

Proof. We only need to prove the necessity. Suppose that / is irreducible in 
rep + (Q). Let L S fep(Q) with two morphisms u : M — > L, v : L —> N such that 
/ = vu. Let S be the set of vertices x in Q such that there exists an arrow a : x — s> y 
with x g supp(M © N), y G supp(M © N) and L(a) ^ 0. Since L € fep(Q), there 
exists a top-finite successor-closed subquiver f2 of supp(L) such that Lq G rep + (Q) 
and there is a finite number of arrows /3 : a — > b with a G supp(L)\f7, b <E Q and 
L(f3) ^ 0. The successor-closed subquiver £1' of Q generated by and supp(Mffi N) 
is top-finite and is such that Lqi G rep + (Q). By Lemma [2~2l since L G fcp(Q), L is 
a finite extension-representation of L/Lq> by Lq>. In particular, SO (supp(L)\f2') 
is finite. Therefore, the successor-closed subquiver E of Q generated by S and f2' is 
top-finite with Ls G rep + (Q). Thus, we have a factorization / = ugiig in rep + (Q). 
Therefore, Ms is a section or is a retraction. Since S is successor-closed in Q 
and contains the vertices in S, one easily checks that its is a section if and only if u 
is a section; and Vy, is a retraction if and only if v is a retraction. This shows that 
/ is irreducible in rep(Q). □ 

Let r be a connected component of -Tjip(Q) . Then r is said to be preprojective if 
it contains a projective object in rep + (Q) and preinjective if it contains an injective 
object in rep _ (Q). Otherwise, it is called regular. A full convex and connected 
subquiver A of r is a section if it contains no oriented cycle and meets every r- 
orbit of r exactly once. It is right-most if tX is not defined for every IeA; and 
left-most if t~ X is not defined for every X G A. 
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Theorem 5.7. Let Q be connected infinite and strongly locally finite. Then Ty^p(q) 
contains a unique preprojective component Vq having a left-most section Pq con- 
sisting of all the indecomposable projective objects in rep + (Q). Moreover, 

(1) If Q has no right infinite path, then Vq is of shape to N<5° p . 

(2) Otherwise, it is a predecessor-closed subquiver of NQ° P having a right-most 
section consisting of the infinite dimensional representations ofVQ. 

Proof. The statement has been proven for the category rep + (Q) in [6]. Let f be 
the unique preprojective component of -T r ep+(Q) and Ie/ 1 . If X is not projective 
in rep + (Q), then one has an almost split sequence 

n: O^X'^E^X^O 

in rep(Q). Since X is preprojective in rep + (Q), X' is finite dimensional and the 
sequence is almost split in rep + (Q) and also in rep(Q). In particular, we have 
a minimal right almost split morphism E — > X in rep + (Q) which is also minimal 
right almost split in rep(Q). This will also be the case if X is projective in rep + (Q). 
Suppose first that we have an arrow a : Y — >• X in -Tj^q). Using what we just 
proved, Y E rep + (Q) and we get an arrow a' : Y — > X in r. The valuations of a 
and a' need to coincide by Lemma 15.61 Hence, r is a predecessor-closed subquiver 

°f ^rep(Q)- 

Suppose now that we have an arrow f3 : X — > Y in .Tjep(Q)- We have an 
irreducible map / : X — t Y in rep(Q), which needs to be irreducible in rep + (Q) 
by Proposition 14.41 Therefore, we have an arrow j3' : X — > Y in r, and the 
valuations of f3 and j3' coincide by Lemma T5.6I This shows that r is a successor- 
closed subquiver of r^p(Q). Therefore, f is a connected component of Pysp(Q), 
and consequently, since it contains all the P x , x 6 Qo, is the unique preprojective 
component of -Tj^q). □ 

A dual argument yields the following dual result for the preinjective component. 

Theorem 5.8. Let Q be connected infinite and strongly locally finite. Then r^p(Q) 
contains a unique preinjective component Iq having a right-most section Iq con- 
sisting of all the indecomposable injective objects in rep~(Q). Moreover, 

(1) If Q has no left infinite path, then Iq is isomorphic to N _ <5° p . 

(2) Otherwise, it is a successor- closed subquiver ofN~Q op having a left-most sec- 
tion consisting of the infinite dimensional representations of Iq . 

Recall from |6] or [12] that a valued translation quiver is said to be of (finite) wing 
type if it is isomorphic to the following translation quiver with trivial valuations : 

o 

o o 

/f X X V 

o o o 

o o' • • • ' o' o 

X V S X S X 

o o o o 

The following theorem was proven in [6] . An indecomposable representation M 
in rep + (Q) is pseudo-projective if it is not projective and the almost split sequence 

O-tM'-tE-tM-tO 

in rep(Q) is such that M' is infinite dimensional. 



AUSLANDER-REITEN QUIVER OF AN INFINITE QUIVER 



21 



Theorem 5.9 (Bautista, Liu and Paquette). Let Q be an infinite, connected and 
strongly locally finite quiver. Let r be a regular component of -T r ep+(Q)- 

(1) If r has no infinite dimensional or pseudo-projective representation, then it is 
of shape ZAoo . 

(2) // r has infinite dimensional but no pseudo-projective representations, then it 
is of shape N~Aoo and its right-most section is a left infinite path. 

(3) If r has pseudo-projective but no infinite dimensional representations, then it 
is of shape NAqo and its left-most section is a right infinite path. 

(4) If r has both pseudo-projective and infinite dimensional representations, then 
r is finite of wing type. 

We have a similar theorem for the category rep(Q). 

Theorem 5.10. Let Q be a connected infinite and strongly locally finite quiver. 
Let r be a regular component of -T-Fgp(Q)- 

(1) If r has no infinite dimensional representation, then it is of shape ZA^. 

(2) If r has infinite dimensional representations all lying in rep + (Q), then it is of 
shape N^Aoo and its right-most section is a left infinite path. 

(3) If r has infinite dimensional representations all lying in rep _ (Q), then it is of 
shape NAqo and its left-most section is a right infinite path. 

(4) Otherwise, r is finite of wing type and contains exactly one doubly-infinite 
representation. 

Proof. If r contains only finite dimensional representations, then for any X G r, 
one has almost split sequences 

O^X'^E^X^O 

and 

-> X -> E' -> X" -> 

in rep(Q) which are almost split in rep + (Q). Therefore, r is a component of the 
Auslander-Reiten quiver of rep + (Q) by Lemma 15.61 Hence, r is of shape ZAoo by 
Theorem EH 

Suppose now that r has infinite dimensional representations all lying in rep + (Q). 
Then for any X £ T, the almost split sequence 

O^X'^E^X^O 

in rep (Q) is an almost split sequence in rep + (Q). Moreover, by Proposition I4.4[ 
every irreducible morphism X — > Y in rep(Q) with Y indecomposable is such that 
Y G rep + (Q). This shows that r is a (predecessor-closed) connected component of 
the Auslander-Reiten quiver of rep + (Q) by Lemma \5M Hence r is of shape N~Aoo 
and its right-most section is a left infinite path by Theorem l5.9l 

Dually, if r has infinite dimensional representations all lying in rep~(Q), then 
r is of shape NAqq and its left-most section is a right infinite path. 

Consider now the case where r contains an infinite dimensional representation in 
rep + (Q) and an infinite dimensional representation in rep _ (Q). From Proposition 
14.41 we get that the full subquiver r' of r consisting of the representations in 
rep + (Q) is successor-closed in r. Similarly, the full subquiver F" of F consisting 
of the representations in rep _ (Q) is predecessor-closed in F . Now, by Lemma l5.6[ 
F' is a connected component of the Auslander-Reiten quiver of rep + (Q). If F' is 
left stable as a translation quiver, then we see that F = F , a contradiction. Hence, 
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r' is not left stable and contains infinite dimensional representations in rep + (Q). 
Since r' does not contain any of the P x and I x , x € <5o, we see that J 1 is a regular 
component of the Auslander-Reiten quiver of rep + (Q). Hence, r' is of wing type 
with trivial valuations by Theorem 15.91 We get similarly that F" is of wing type. 
Hence, F U F is a full subquiver of F which has trivial valuations and which is of 
the form 

X X X X 

X n -l t x X n -l t 2 X n ^ x,3 
^2,1 -^2,2 ' ■ ■ -^2,n-l X2.n 

XXX XXX 

X\,\ Xi t 2 • ■ • ■ • ■ Xi >n Xl,n+1 

where the X\ t \, . . . , X nt \ are the infinite dimensional representations in F" and 
X n fii X n -i t 3, . . . , Xi <n +i are the infinite dimensional representations in r' . By 
Proposition H31 the vertices in r\(r' U r") are all doubly-infinite representations. 
Since F' is successor-closed in r and F" is predecessor-closed in r, the arrows in 
F attached to a vertex in F U F" and which are not in F' U F" start in X nt i or 
end in X n ^2- By Proposition [531 since X n< i, X n ^2 are infinite dimensional, there is 
an almost split sequence 

77 : -¥ X nA -^E^ X n .2 -> 

in fep(Q) where E = X n -i,2 © E' and E' is doubly infinite. By Proposition [531 it 
is clear that the only arrow ending in E' is X n> i — » _E' and the only arrow starting 
in E' is E' — > X n $- Hence, r is of shape 



E' 

/ X 

X n ,l X n ,2 

X X X X 

X n -l,l X n _i2 X n _is 



X2.1 X2.2 

XXX 

X\i X\2 



■ X2,n-1 X2, n 

XXX 
• • • X± <n Xi, n +i 



and it remains to show that the arrows X n \ — > E' and E' — > X n< 2 are trivially 
valued. Let (e, d) be the valuation of E' — > X n 2- It is clear that d = 1. Suppose 
that there is an irreducible map / : E' — >■ X£ 2 ; r > 2, in fep(Q). Since supp(S') 
contains supp(X nj 2) properly, / is an epimorphism. Let 

p : £0 - > X\ • • • 

be a right infinite path in supp(X n 2 )- Since supp(X n l ) is socle-finite and X n _i, 2 
is finite dimensional, there exists an integer j with Xj supp(X„ 1 © Xn—%^)- The 
almost split sequence 77 then yields dimE' (xj) = dimX n ,2{xj) ^ 0. However, since 
/ is an epimorphism, 

dimX n _2(xj) = dimE'(xj) > 2diuiX n ^2{xj), 
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a contradiction. Hence, we get that the valuation of the arrow E' — > X n ^ in T is 
(1, 1). Similarly, the valuation of the arrow X n> i — > E' in f is (1, 1). This shows 
that r is of wing type. 

If r does not contain representations in rep + (Q)Urep _ ((3), then it contains only 
doubly-infinite representations. By Proposition 14.41 T is a trivial component, and 
hence is necessarily of wing type. □ 

Remark 5.11. (1) The last theorem says in particular that there exists a bijection 
between the isomorphism classes of doubly-infinite representations and the regular 
components of wing type in -Tjgp(Q). 

(2) If Q is connected strongly locally finite, then there exists a doubly-infinite 
representation in rep(Q) if and only if Q has a left- infinite path and a right-infinite 
path. Hence, if T^p^Q) has both a regular component of shape NAoo and of shape 
N~ Aoo, then it needs to have a regular component of wing type. 

(3) The Auslander-Reiten quiver of rep + (Q) is a successor-closed subquiver of 
^rcp(Q)- It is obtained by removing the infinite dimensional non-finitely presented 
representations in -Tjsp(Q). Similarly, the Auslander-Reiten quiver of rep~(Q) is 
a predecessor-closed subquiver of A^q). It is obtained by removing the infinite 
dimensional non-finitely co-presented representations in JjipfQ). 

(4) The Auslander-Reiten quiver of rep (Q) has a symmetric valuation by Theorems 
ISTflPl and lCTOl 

(5) If M is doubly-infinite and has no simple submodule and no simple quotient, 
then {M} is a trivial component of -Tjep(Q) ■ 

An additive Krull-Schmidt fc-category C is said to be a left Auslander-Reiten 
category if every indecomposable object in C is the domain of a minimal left al- 
most split epimorphism or is the starting term of an almost split sequence; a right 
Auslander-Reiten category if every indecomposable object in C is the co-domain of a 
minimal right almost split monomorphism or the ending term of an almost split se- 
quence; and an Auslander-Reiten category if it is a left and a right Auslander-Reiten 
category; compare [5J (2.6)]. 

The following proposition follows easily from our previous results. 

Proposition 5.12. Let Q be a strongly locally finite quiver. 

(1) The category rep(Q) is a left Auslander-Reiten category if and only if Q has 
no right-infinite path. 

(2) The category rep(Q) is a right Auslander-Reiten category if and only if Q has 
no left-infinite path. 

(3) The category rep(Q) is an Auslander-Reiten category if and only if Q has no 
infinite path. 

6. The Auslander-Reiten quiver of rep(Q) 

In this section, again, Q stands for a connected strongly locally finite quiver. 
Although rep(Q) is, in general, not Horn-finite, it is true that every indecomposable 
object in rep(Q) has a local endomorphism algebra; see[7]. Thus, one can construct 
the Auslander-Reiten quiver -T rC p(<2) of rep(Q) as defined in Section 5. The objective 
of this section is to show that the Auslander-Reiten components of fep(Q) are 
connected components of -T'rep(Q)- 
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We start with the following lemma, where the proof is inspired from the proof 
of [El Proposition 2.1]. 

Lemma 6.1. Let N G rep(Q) with a sub-representation M and suppose we have a 
chain 

= L Q C Li C L 2 C • • • 

of finitely generated proper sub-representations of N with every inclusion M — > 
M + Li being a section. Suppose moreover that the union of the M + Li is N . Then 
the inclusion M — > N is a section. 

Proof. Set Mi = M + L t for i > 0. For < i < j, denote the inclusion M — !> Mj by 
qi and the inclusion Mi — > Mj by qij. For i > 0, we have a short exact sequence 

->• M n Li ->• M © Li -> M; -> 

giving a monomorphism 

Pi : Hom(Mi, M) Hom(M, M) © Hom(L l , M), 

sending a morphism 5 to (51,52) where <?i is the restriction of g to M and g 2 is the 
restriction of g to Lj. Let 1^ denote the subspace of Hom(Mi, M) of the morphisms 
g for which gqi is a scalar multiple of Ijy. Since Vi is the pre-image of A:(1m) © 
Hom(Li,Af), which is finite dimensional, we see that Vi is finite dimensional. A 
morphism g G Vi for which gqi = 1m is called normalized. By assumption, each Vi 
contains a normalized morphism and hence is non-zero. Now, one has a non-zero 
map 

g { : V i+1 ->■ Vi 

which is induced by qi^+i and sends a normalized map to a normalized one. By 
assumption, we have a normalized map Vi : Mj — > M in Vi such that 

= v»9i-i,i«»-2,i-i • = ffj • ••5i-i(t>i) 

is normalized in for Q < j < i. Let 7^ My = Im^-^+i • ■ ■ <7i-i) for < j < i 
with Mii = V,. The chain 

of finite dimensional k- vector spaces yields an integer rj > j for which ^ M rj j = 
Mfcj whenever fc > rj. Moreover, each such M rj ^ contains a normalized map. 
Then the maps gi clearly induce non-zero maps 

g i : M ri+1 , i+ i M n ,i. 

We claim that these maps are surjective. Let u 6 M ri)i . For every positive 
integer r > i + 1, u € Im(gigi + i • • • and hence, there exists an element 

u r G Im(gi + i • • • g r -\) such that gi(u r ) = u. But then G M n+li i + i is such 

that ~g~i(u ri+1 ) — u, showing the claim. Now, set uq G M r0i o be a normalized map. 
Then there exists u\ G M rij i such that g ( M i) = u o- Observe that if u\ is not 
normalized, then there exists a G &\{0} such that au\ is normalized and hence 
that g (aui) = auo is normalized, showing that a = 1. Hence, u\ is normalized. 
Choose such Ui G M Ti ^ for all positive integers i. Hence, for i > 0, we have that 
Wi^i = 1m and iti+igi^i+i = Ui. Since N is the union of the Mj, it is also the direct 
limit of the Mi. Therefore, the family of morphisms Ui : Mi — > M yields a unique 
morphism h : N — > M such that hri = Ui for i > 0, where r, : Mi — > is the 
inclusion. This shows that the inclusion M — > N is a section. □ 
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As an immediate consequence of the preceding lemma, we get the following. 

Corollary 6.2. Let f : M — > N be an irreducible monomorphism with M,N G 
rep(Q). Then N — lxa(f)+L where L is finitely generated. In particular, Coker(/) 
is finitely generated indecomposable. 

Proof. Since Q is connected and strongly locally finite, it has a countable number 
of vertices and we can find, for i > 0, a chain 

= L CLiCI 2 C.-. 

of finitely generated sub-representations of N such that the union of the M + Li is 
equal to N. If the above chain is not stationary, then using Lemma l6.ll we get that 
/ is a section, which is impossible. This shows the first part of the statement. The 
fact that Coker(/) is indecomposable follows from the well known result that the 
cokernel of an irreducible monomorphism in an abelian category is indecomposable; 
see [3]. □ 

Lemma 6.3. Let f : M — > N be an irreducible monomorphism with M E rep(Q) 
and N E rep(Q). Then N E rep(Q). 



Proof. We may assume that / is the inclusion. By Corollarv l6.2[ N = M + L where 
L is finitely generated. In particular, supp(L) is top-finite. 

Let E be the support of N. Since M E rep(Q) and N = M + L, there exists 
a top-finite successor-closed subquiver 17 of E such that M is a finite extension- 
representation of M/Mq E rep~(Q) by Mq E rep + (Q) and £1 contains the support 
of L. Moreover, by Proposition 13.61 there exists a co-finite successor-closed sub- 
quiver Ep of £1 such that M^, P is projective in rep + (Q). Take 8 to be the successor- 
closed subquiver of Q generated by Ep. We still have that Mq E rep + (Q) is pro- 
jective and M is a finite extension- representation of M/M@ by Mq. Using this and 
since N = M + L with supp(L) top-finite, there exists a co-finite successor-closed 
subquiver E' of such that every arrow x — t y supporting N with y E E' is such 
that x E 0. We want to show that Nq is finitely presented, or equivalently, that 
A^e is finitely presented. Suppose it is not the case. First, since L is finitely gener- 
ated, we see that Lq is finitely generated since the inclusion Lq — > L has a finite 
dimensional cokernel. Therefore, Nq is finitely generated since Nq = Mq + Lq. 
Hence, we have a projective resolution of the form 

®T=i p y< $ ©i=i^x 3 - -> N e 

where h is a radical morphism and all j/i lie in since is successor-closed. There 
exists infinitely many i with yi E E'. Set I to be the set of all such i. For each 
£ € J, the pushout of the the projection ®°° =l P Vj — > S Vi with h then yields an 
exact sequence 

->• S yi ^£,4Af e ^0 

which is non-split since h is a radical morphism. Let E[ be the following represen- 
tation. For x E Qo, we set 



Ei{x), if x e ©o; 

N(x), otherwise. 
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and for a £ Qi, 

Ei(a), if a e ©i; 

AT (a), if a : a; — > y with x, y ^ ©i; 

(ui)^ 1 iV(a), if a : a; — >• y with x ^ ©i and y £ ©i, y 7^ j/j; 

0, otherwise, 
v 5 

Since every arrow attached to yi and supporting N is clearly in ©, we can extend 
the last extension to a non-split short exact sequence 

->• S yi ->• 4 AT -> 

where (v^)a; = (fi)x if x 6 ©o and (u^)x — lzvfa:)) otherwise. Hence, we have a 
pullback diagram 

*S yi t-Fi-^M >0 



— ^S Vl — z-E't — VJV ^0 

where the restriction of the top row to © splits since M® is projective. Since £ E' 
and every arrow attached to j/j and supporting E^' (hence i^) is entirely contained 
in ©, we see that the top row splits. Let w[ : M — > Fj such that Wiw[ — Am- Wc 
have / = v'iiiiw'i where v\ is not a retraction. Hence, Uiw\ is a section since / is 
irreducible in rep(Q). For i £ I, let E(i) = E\{j/j}. Since (if^sr-j) and (wQjvj) are 
isomorphisms, we see that — (ui)'S(i) is a section for all i € I. In particular, 
for i £ J, t/j £ E since / is not a section. Hence, there exists a sequence 

E\@ = A(0) c A(l) c A(2) c ... 

of predecessor-closed subquivers of E such that A(0) is co-finite in A(j) for all j > 1 
and the union of the A(j) is E. Moreover, for j > 0, there exists i,- £ J such that 
is not in A(j). By what we have shown, /a(j) is a section for all j. 
For j > 0, set M,- = M^y), A/j = A^j) and /j = /a(j)- Observe that Mj,Nj £ 
rep~(Q) for all j. Let V} denote the subspace of Hom(Nj , Mj) of the morphisms 
g for which gfj is a multiple of Ijyf . . Observe that Vj is finite dimensional. A 
morphism g G Vj for which <7_fj = Ima is called normalized. By assumption, each 
Vj contains a normalized morphism and hence is non-zero. Then one has a non-zero 
map 

9j ■ Vj+i -> 

which is the restriction to A(j) and sends a normalized map to a normalized one. 
By assumption, each Vj contains a normalized map Vj : Nj —> Mj such that 

(wj)a(0 =9v9j-i(vj) 

is normalized in V/ for < I < j. Using a similar argument as in the proof of Lemma 
16.11 we can choose Uj £ Vj, for j > 0, such that Ujfj = Imj and (uj+i)&rj) = Uj. 
Since E is the union of the A(j), we see that / is a section, a contradiction. This 
shows that Nq is finitely presented, and so is Nq. Since Af s \n = M^\n, Ny\q is 
finitely co-presented. Since M is a sub-representation of N = M + L, we see that 

->■ N n ->• N -> AT SNn -> 

is finite, showing that A~ £ fep(Q). □ 

Lemma 6.4. Let f : M N be an irreducible monomorphism in rep(Q) with M 
indecomposable and N £ rep(Q). Then M £ rep(Q). 
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Proof. By Corollary \6.2\ we can assume that / is the inclusion and N = M + L 
with L finitely generated. Let E be the support of N and Ep be a successor-closed 
subquiver of E such that Ns P is projective in rep + (Q) and N/N^ p is finitely co- 
presented. Since TV is a finite extension-representation of N/Ns p by N^ P , there 
exists a co-finite successor-closed subquiver f2 of Ep such that every arrow sup- 
porting N with an endpoint in f2 lies entirely in Ep. Being a sub-representation of 
N^ p , My, p is projective. If My, p is not finitely generated, then there exists a vertex 
x in n such that P x is a direct summand of M-£ p . Since every arrow supporting M 
and attached to supp^^) C fl lies in Ep, we see that P x is a direct summand of M, 
giving M — P x , a contradiction. Hence, M^ p is finitely generated and being pro- 
jective, is finitely presented. Since N = M + L where L is finitely generated, there 
exists a co-finite predecessor-closed subquiver E' of S\Ep such that Ms' = TVs' is 
finitely co-presented. Thus, M/Ms P is also finitely co-presented. The extension 

-)• M Sp ->■ M ->• M/M Sp 

is finite since 

-> TV S p -> TV -> 7V//V Sp -»• 
is finite. □ 



The preceding lemmas with their dual versions and Proposition ^. 4l then give the 
following interesting result. 

Proposition 6.5. Every irreducible morphism AI — > N between indecomposable 
objects in rep(Q) with one of M, N in fep(Q) lies entirely in fep(Q). In particular, 
either M G rep~(<3) or N G rep + (Q). 

Therefore, we have proven the promised main result of this section. 

Theorem 6.6. Any Auslander-Reiten component of rj^p(Q) is a connected com- 
ponent of r icp (Q) ■ 



By Proposition 15. 4| any other connected component of r re p(Q) is such that the 
translation r is nowhere defined. 

Example 6.7. Let Q be the quiver 

5 3 1 

x y x y x 

4 2 

of the last example. For i > 0, let Mj be the indecomposable representation of 
rep(Q) such that M(j) = k for all j > i and M(j) = 0, otherwise. Since Q has no 
infinite path, rep(Q) = rep b (Q) are the finite dimensional representations. The only 
indecomposable infinite dimensional representations of rep(<5), up to isomorphisms, 
are the Mj. The only connected component of r rC p(Q) which is not a connected 
component of fjep(Q) is the following component with trivial valuations: 

5- M 4 ->■ Mi Mo Mi -+M 3 ^M 5 ^ 

We end this paper with the following conjecture. 

Conjecture 6.8. Let Q be a strongly locally finite quiver. The connected compo- 
nents of r rep (Q) containing representations not in rep(Q) are connected subquivers 
of the quiver 

■••-to->o-to-t--- 
and all have trivial valuations. 
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